recently proposed an equal-risk pricing approach to the valuation of contingent claims when short selling is completely banned and two elegant pricing formulae are derived in some special cases. In this paper, we establish a unified framework for this new pricing approach so that its range of application can be significantly expanded. The main contribution of our framework is that it not only recovers the analytical pricing formula derived by Guo and Zhu (2017) when the payoff is monotonic, but also numerically produces equal-risk prices for contingent claims with non-monotonic payoffs, a task which has not been accomplished before. Furthermore, we demonstrate how a short selling ban affects the valuation of contingent claims by comparing equal-risk prices with Black-Scholes prices.
Introduction
During the Global Financial Crisis 2007-2009, most regulatory authorities around the world imposed restrictions or bans on short selling to reduce the volatility of financial markets and to limit the negative impacts of downturn markets (Beber and Pagano, 2013) . These interventions were implemented with an intention to prevent further drops of stock prices. However, these regulations imposed on short selling also resulted in some new problems, one of which is the troduced. The utility indifference buying price p b is the price at which the utility of the investor is indifferent between (i) paying nothing and not having the claim; and (ii) paying p b now to receive the contingent claim at expiry (Henderson and Hobson, 2009 ). The utility indifference selling price is defined similarly. In the finance literature, the utility indifference price is also called the private or subjective price because such a price is derived based on the investor's own utility preference (Detemple and Sundaresan, 1999; Tepla, 2000) . Generally, the utility indifference price is nonlinear, which is significantly different from the Black-Scholes price (Black and Scholes, 1973) , due to the concavity of the utility function. These two prices only coincide in a complete market (Fleming and Soner, 2006) .
For any contingent claim in an incomplete market, El Karoui and Quenez (1995) demonstrated that there exists a price interval which avoids arbitrage opportunities. The maximum price of this interval, called the selling price, is the lowest price that allows the seller to superhedge the contingent claim. Similarly, the minimum price of this interval, called the buying price, is the highest price that the buyer is willing to pay for a contingent claim while superhedging.
Both of these concepts have been addressed in the literature on hedging and pricing under transaction costs (Hodges, 1989; Davis, 1997; Constantinides and Zariphopoulou, 1999; Munk, 1999) .
Both the selling price and the buying price are private prices for the respective parties as they serve to minimize unilateral risks. In an over the counter transaction, the buyer and seller have to negotiate and compromise with each other in order to reach a deal.
Recently, Guo and Zhu (2017) proposed a completely new approach, referred to as the equalrisk pricing approach, which determines the valuation of contingent claims by simultaneously analyzing the risk exposures for both parties involved in the contract. As pointed out in Remark 3.2 of Guo and Zhu (2017) , it is different to the existing utility indifference pricing method. The equal-risk price aims to distribute the expected loss equally between the two parties. Such a price is interpreted as a fair price that both parties are willing to accept during the negotiation if they intend to enter into a derivative contract. The equal-risk price is a transactional price and it must lie in the price interval between the selling price and the buying price. Both the seller and the buyer face the same amount of risk if they accept such a price. The existence and uniqueness of the equal-risk price has been established by Guo and Zhu (2017) and they also demonstrated its consistency with the Black-Scholes price if the market is complete. Furthermore, two analytical formulae have also been derived in some special cases. However, the derivation heavily depends on the monotonicity of the payoff, which has limited its application to general contingent claims.
The main contribution of this paper is to establish a unified PDE (partial differential equation) framework for the equal-risk pricing approach so that its range of application can be significantly expanded. We first derive the pricing formulae for European call and put options under our PDE framework, which demonstrates that it is consistent with the previous results of ( Guo and Zhu, 2017) . Then, we apply our PDE approach to a butterfly spread option and compute its equalrisk price numerically. By comparing the equal-risk prices with the Black-Scholes prices, we numerically demonstrate how the short selling ban affects the valuation of the butterfly spread option.
The paper is organized as follows. In Section 2, a financial market with a short selling ban is introduced and then a PDE framework is established to derive equal-risk prices for general contingent claims. In Section 3, we derive the pricing formulae for European call and put options under our PDE framework. In Section 4, an ADI numerical scheme is provided to solve the PDE system and two numerical examples are demonstrated accordingly. Conclusions are provided in the last section.
2 The equal-risk pricing approach 2.1 A market model with no short selling Consider a financial model on a probability space (Ω, F, Q). Let F = {F t : t > 0} be the filtration that represents the information flow available to market participants. Let Q denote an equivalent martingale measure in the market. We assume there are only two assets traded continuously in the market. One is a risk-free asset whose price satisfies dP t = rP t dt,
(2.1)
where r is the risk-free interest rate. The other one is a risky asset whose price follows
where σ is the volatility of the underlying and W t is a standard Brownian motion.
If there are no restrictions on short selling, the market is complete and the equivalent martingale measure Q should be unique. The price of a European contingent claim that expires at time T with the payoff Z(S) can be easily calculated as v = E Q e −rT Z(S T ) . This price is accepted by both the seller and the buyer since both are able to perfectly replicate the claim using self-financing trading strategies.
When the short selling ban is imposed, the market becomes incomplete as perfect replication strategies no longer exist for some contingent claims. In this case, an admissible trading strategy is a progressively measurable non-negative process φ t , which represents the number of stock held at time t. Given an initial wealth v, consider the following self-financing trading strategy: hold φ t shares of stock at time t and keep the remaining wealth in the risk-free asset. Then the wealth process, denoted by v t , follows
where φ t belongs to the set of all progressively measurable, non-negative and square integrable trading strategies
Equal-risk prices for general contingent claims
Under the short selling ban, the market is incomplete. In this case, any unilateral utility-based pricing approach results in a price interval. Any price that lies strictly within this interval leads to a scenario in which both the buyer and the seller face some level of risks. Intuitively, a higher price implies a high risk exposure for the buyer; while a lower price implies a higher risk exposure for the seller. Guo and Zhu (2017) proposed a criterion to determine an equal risk price which distributes the risk between the buyer and the seller equally. To measure the risk exposures, they introduced the following risk function.
Definition 1. A function R : R → R is called a risk function if it satisfies the following conditions:
1. R(x) is non-decreasing, convex and has a finite lower bound L B .
2. R(0) = 0 and R(x) > 0 for all x > 0.
Remark 1. It is obvious that both R 1 (x) = x + and R 2 (x) = e x − 1 are risk functions. The former is adopted by Guo and Zhu (2017) , while the latter is the one we choose in this paper.
The smoothness of R 2 (x) facilitates the derivation of pricing formula.
Suppose an investor sells one European contingent claim with the payoff Z(S T ) at the price v. After receiving the payment, the seller establishes an hedging account with the initial wealth v to hedge his future liability Z(S T ). The terminal wealth of the hedging account v T is used to reduce the risk. As a result, the minimum risk exposure for the seller at expiry is defined by
is the solution of Equation (2.3) given the trading strategy φ(·) and the initial wealth v.
To calculate the minimum risk exposure for the seller, it suffices to solve an optimal stochastic control problem with the objective function (2.5) and the dynamics of S t and v t . By the dynamic programming principle, the value function F s (t, S, v) satisfies
(2.7)
The minimum risk exposure for the seller is then given by ρ s (S, v; Z) = F s (0, S, v).
A similar analysis can be applied to the buyer. Assume the buyer pays v for the European contingent claim Z(S T ). To finance his payment, the buyer borrows v at time 0, which results in a liability of ve rT at expiry. The buyer establishes a hedging account with a hedging strategy φ(·) with the zero initial value. Then the minimum risk exposure for the buyer is defined by
(2.8)
The associate HJB equation governing the value function F b (t, S, v) is given by
(2.10)
The minimum risk exposure for the buyer is then given by
In order to ensure that the optimal control problems (2.5) and (2.8) are well-posed, some conditions must be imposed on the utility function R(x) and the admissible set Φ. In this paper, we make the following assumption 1 .
Assumption 1. Given the risk function R(x) and the payoff Z(S), there exists an admissible
In fact, there exists a direct relationship between the risk exposures for the seller and the buyer.
In terms of financial interpretation, a buyer who purchases a European contingent claim Z(S) at a price v is equivalent to a seller who sells a contingent claim −Z(S) at the price of −v because they have identical cash flows. Therefore, they should face the same risks. Mathematically, it is expressed as
This relation plays an important role in the rest of this paper.
The following lemma provides some useful properties of the risk function.
Lemma 1. Assume that Z, Z 1 , Z 2 are square integrable, F T -measurable random variables. The monotonicity and limiting behavior of risk functions ρ s (S, v; Z) and ρ b (S, v; Z) are described as follows:
2.
As v tends toward ∞ or −∞, the asymptotic behavior of the risk functions are given by
where L B represents the lower bound of the utility function R(x).
Proof. The proof of Lemma 1 is given in Appendix A.
We adopt the definition of the equal-risk price provided by Guo and Zhu (2017) . In order to demonstrate that the equal-risk price is well-defined, the following theorem states its existence and uniqueness. Proof. The proof of this theorem is given in Appendix B.
In summary, the equal-risk pricing approach consists of two steps. First, we calculate the minimum risk exposure for the seller and the buyer respectively through solving the associate stochastic optimal control problems. In the second step, the equal-risk price is found by solving (2.12). To solve the associate stochastic control problems, we need to solve the HJB equations (2.6) and (2.9). In some special cases, these HJB equations can be solved analytically and the pricing formula for the equal-risk price can be derived easily. However, for general claims, analytical solutions is unavailable and hence we will provide the corresponding numerical schemes.
The equal-risk price of European call and put options
We first consider the equal-risk price of European call options. It can be verified that Assumption 1 holds for the payoff Z(S) = (S − K) + and the risk functions R 1 (x) and R 2 (x). We derive the minimum risk exposure for the seller and the buyer in the following propositions.
Proposition 1. When the contingent claim is a European call option with the payoff Z(S) = (S − K) + , the minimum risk exposure for the seller is
where C BS (S, K, r, σ, T ) is the Black-Scholes formula for a European call option with underlying price S, strike price K, and time to expiration T − t.
Proof. In order to derive the minimum risk exposure for the seller, we focus on the HJB equation (2.6) with Z = (S − K) + . Consider the following trial solution to the PDE system (2.6),
It is easy to verify that
Based on the convexity of function L 1 F with respect to φ, the optimal hedging strategy is
The Delta of a European call option
The last equation holds just because C BS satisfies the Black-Scholes PDE. Consequently, the trial solution (3.2) is indeed a solution to the HJB equation (2.6). Therefore, the minimum risk exposure for the seller can be expressed by (3.1).
Remark 2. The seller of a European call option adopts the same optimal hedging strategy as the classical Black-Scholes model, i.e. φ * = ∂C BS ∂S , which implies that the short selling ban does not affect his hedging strategy. This follows form the fact that the price of a European call option in the classical Black-Scholes model is non-decreasing with respect to the underlying.
Proposition 2. When the contingent claim is a European call option with the payoff Z(S) = (S − K) + , the minimum risk exposure for the buyer is
Proof. We first claim that the optimal hedging strategy φ * for the buyer should be zero when
Following Lemma 3.2 in Guo and Zhu (2017) , the random variable − dR dx ve rT − Z(S T ) can be expressed as
where ψ(·) is non-negative. By Itô isometry, we have
which completes the proof for our claim (3.6). Since the optimal trading strategy φ * is zero, the HJB equation (2.9) becomes
(3.10)
(3.11)
According to the Feynman-Kac formula, the solution of this linear PDE system can be written as the following condition expectation
The minimum risk exposure for the buyer is expressed as (3.5), which completes the proof.
Remark 3. The optimal hedging strategy for the buyer of the European call option is to hold no stocks when the short selling is banned, which is completely different from the classical Black-Scholes model. The reason is that the optimal hedging strategy in the Black-Scholes model φ * = − ∂C BS ∂S is non-positive, which is infeasible due to the short selling ban.
After deriving the minimum risk exposure for the seller and the buyer, the analytical equal-risk price for the European call option is provided in the following theorem.
Theorem 2. When the short selling is banned in the Black-Scholes model, the equal-risk price of the European call option is given as follows.
When the risk function is
where P BS (S, K, r, σ, T ) is the Black-Scholes formula for a European put option .
Proof. The minimum risk exposure for the seller and the buyer have been derived in Propositions 1 and 2. According to Definition 2, the equal-risk price of the European call option is the root of Equation
It is then straightforward to verify that the equal-risk prices are given by (3.13) and (3.14).
Remark 4. Note that the analytical pricing formula (3.13) is same with those provided by Guo and Zhu (2017) when the risk function is R 1 (x) = x + , which demonstrates that our PDE approach is consistent with the results from Guo and Zhu (2017) . In addition, we derive another explicit pricing formula in (3.14) for the case when the risk function is given by R 2 (x) = e x − 1.
The main difference between these formulae (3.13) and (3.14) is that the former is not explicit and it must be solved by root finding algorithms, while the latter is explicit.
The pricing formula (3.13) was interpreted as the standard Black-Scholes price with an adjustment term in Guo and Zhu (2017) . In this paper, we mainly focus on the new explicit equal-risk price (3.14) when the risk function is R 2 (x) = e x − 1. To illustrate how the short selling ban affects the European call option price, we compare the results computed from the pricing formula which is depicted in Figure 1 (b) . It is also observed that the relative difference is substantial even for small underlying prices. From Figures 1(a) and 1(b), we conclude that the short selling ban significantly lowers the value of the European call option. From Propositions 1 and 2, the optimal hedge in the Black-Scholes model is still available for the seller of the European call option, while the counterpart is unavailable for the buyer due to the short selling ban. If the transaction price of contingent claim is still set to be Black-Scholes price, the seller faces no risk, but the buyer incurs substantial risks because the optimal hedging strategy is no longer available. The equal-risk price redistributes the risk between the buyer and seller equally, transferring some risk from the buyer to the seller. As a result, the equal-risk price should be lower than the Black-Scholes price.
According to the relation (2.11) between the minimum risk exposure for the buyer and the seller, we also derive the equal-risk price for the European put option as corollaries. The proofs are left in Appendix C.
Corollary 1. When the contingent claim is a European put option with payoff Z(S) = (K −S) + , the minimum risk exposure for the buyer is
Corollary 2. When the contingent claim is a European put option with payoff Z(S) = (K −S) + , the minimum risk exposure for the seller is 
When the risk function is R 1 (x) = x + , the equal-risk price (3.20) for the European put option coincides with the results of Guo and Zhu (2017) . Using the parameters from (3.16), a comparison between the equal-risk price (3.21) and the Black-Scholes price is plotted in Figure   2 2(a), the absolute difference between the two prices is significant when the underlying price is small. The relative distance of the equal-risk price with respect to the Black-Scholes price is depicted in Figure 2(b) , which indicates that the relative difference is significant even though the absolute difference is small for large underlying prices. From both Figures 2(a) and 2(b), we conclude that the equal-risk price of a European put option is higher than the Black-Scholes price.
In other words, the short selling ban has increased the European put option price substantially.
Compared with the Black-Scholes model, the buyer pays more to purchase a European put option when short selling is banned. This difference represents the additional risk the buyer takes under the equal-risk framework.
In summary, we have explicitly computed the equal-risk prices of European call and put options by solving the HJB equations (2.6) and (2.9). The pricing formula is consistent with the results derived by Guo and Zhu (2017) . However, there are still difficulties in deriving the equalrisk price when the payoff is not monotonic, such as a butterfly spread option. In a complete market, a butterfly spread option can be replicated by a linear combination of European call and put options. As a result, its price is also a linear combination of the prices of the corresponding European call and put options. However, as pointed out by Guo and Zhu (2017) , such a replication method is no longer valid when short selling is banned. We apply a numerical scheme to calculate the equal-risk price of a butterfly spread option in the next section.
4 Numerical scheme for the PDE system
In this section, we provide a numerical scheme to solve the HJB equations (2.6) and (2.9). Mathematically, they are of the same type and we will only focus on the former in our demonstration.
The latter can be solved numerically in a similar fashion.
Discretization
We first introduce the time reversal τ = T − t, which transforms the HJB equation (2.6) into
(4.1)
Then we truncate the unbounded domain into a bounded one:
In order to establish a properly-closed PDE system, boundary conditions will be imposed in each of our numerical examples. As pointed out by Barles (1997) , truncating domain incurs some approximation errors, which are expected to be arbitrarily small by extending the computational domain. The domain is then discretized by a set of uniformly distributed grids as follows, S i = (i − 1) · ∆S, i = 1, · · · , N 1 , v j = (j − 1) · ∆v, j = 1, · · · , N 2 , τ l = (l − 1) · ∆τ, l = 1, · · · , M, where N 1 , N 2 and M are the grid sizes in the S,v and τ directions, respectively. The corresponding
. The value of the unknown function F s (τ, S, v) at a grid point is denoted by F n i,j = F s (τ n , S i , v j ). Now we adopt an explicit scheme to approximate the function φ as follows:
and then apply an implicit scheme for the function F
The alternative direction implicit (ADI) scheme is then applied to split the linear operator L 3 defined in (4.4) into two steps. In the first step, only the derivatives with respect to S are evaluated in terms of the unknown values F 2n+1 , while the other derivatives are replaced by the known values F 2n . The difference equation obtained in the first step is implicit in the S-direction and explicit in v-direction. The procedure is then repeated at next step with the difference equation implicit in the v-direction and explicit in the S-direction. The cross derivative is always treated explicitly. Thus, we have two difference equations:
The unknown functions F n i,j and φ n i,j are both derived by solving these difference equations.
After solving the PDE systems (2.6) and (2.9), the minimum risk exposure for the seller and the buyer are produced numerically on the grids. To compute the equal-risk price for the contingent claims, the root of (2.12) is solved numerically, which is similar to determining the optimal exercise price from the values of American put option through the free-boundary condition. We demonstrate how to compute equal-risk prices numerically in the following simple example.
Give a current stock price S, which is located between two grid points S i and S i+1 , i.e.
S ∈ (S i , S i+1 ). When the offer price v is larger than the equal-risk price v(S i ), the seller would take less risk for he gets more compensation, i.e
On the other hand, when the offer price v is smaller than the equal-risk price v(S i ), the buyer takes less risk because he pays less, i.e.
Consequently, the equal-risk price of the claim Z with current price S i is given by
Similarly, the equal-risk price of the claim Z with current price S i+1 is obtained as
(4.10)
Finally, the equal-risk price of the contingent claim Z with current price S is approximated by
(4.11)
Numerical examples
In this subsection, two numerical examples are provided to illustrate the performance and convergence of our numerical scheme. Both examples are carried out with Matlab 2016a on an Intel(R) Xeon (R) CPU and the risk function is taken to be R 2 (x) = e x − 1.
Example 1: European call option
In the first example, the contingent claim is a European call option, of which the value functions First of all, at the boundary S = 0, since the stock follows a geometric Brownian motion, the European call option is worthless at expiry. The seller of such a claim faces no liability; while the buyer gets nothing. In addition, the hedging strategies for both the seller and the buyer must be φ * = 0 because they could not invest on a stock whose price is zero. Therefore, the boundary
).
(4.12)
On the other hand, S → ∞ implies S T → ∞, which indicates that the European call option is priceless. The buyer of such a claim would have an infinite income at expiry. The boundary condition for the buyer at S → ∞ is imposed as
This bounded Dirichlet boundary condition is approximated by
As for the seller, we have
When the value function approaches infinity on the boundary, we must perform growth order analysis in order to impose the appropriate boundary condition. For any admissible hedging strategy φ, by applying the Jensen's inequality to the risk function R(x), we have
Consequently, the asymptotic behavior of the value function F s (t, S, v) is given by
which means that the growth order of F s (t, S, v) with respect to S is higher than that of the right hand side for any t. On the other hand, at the t = T , it follows that (4.18) which implies that the growth order of F s (t, S, v) is the same as the right hand side of the above equation at t = T . In order to make sure the boundary condition at S → ∞ is consistent with the terminal condition at the corner point, the boundary condition at S = S max is
Remark 5. When the value function is bounded, such as Equation (4.13), we can directly impose the bound on the truncated boundary, such as Equation (4.14). When the value function approaches infinity on the boundary, such as Equation (4.17), we must perform growth order analysis first and then impose an approximate boundary condition similar to Equation (4.19) to ensure that it is consistent with the terminal condition. For the rest of this paper, we will provide the boundary conditions derived via these steps without providing the full details.
Following Lemma 1, the boundary conditions along the v direction are
(4.20)
which are approximated by
(4.21)
After providing these proper boundary conditions for the value functions F s (t, S, v) and F b (t, S, v), we now implement our numerical scheme. The parameters used in the this experiment are listed in Table 1 .
Parameters K T r σ S max v max v 0 values 5 0.5 0.05 0.3 10 5 2 Given τ = T and v = v 0 , the values of F s (τ, S, v) and F b (t, S, v) are computed at different values of S and then listed in Tables 2 and 3 . To determine the numerical rates of convergence, we choose a sequence of meshes by successively halving the mesh parameters. The analytical solutions (3.1) and (3.5) obtained in Propositions 1 and 2 are used as a benchmark when we report the l 2 error. The ratio column of Tables 2 and 3 is the ratio of successive l 2 error as the grid is refined by a factor of two.
From Tables 2 and 3 , it is observed that the successive l 2 errors approach zero as the grid spacing is reduced, which show that our numerical results are in good agreement with the benchmark solution. Therefore, we choose the numerical results calculated on the grid (161, 161, 1280) to compute equal-risk prices numerically.
In Figure 3 , we demonstrate how the minimum risk exposure for the buyer and seller changes (N 1 , N 2 , M ) S = 4 S = 4.5 S = 5 S = 5.5 S = 6 l 2 error ratio (21,21,160) -0.8604 -0.8399 -0.7981 -0.7216 -0.5889 0.0452 (41,41,320) -0.8595 -0.8371 -0.7915 -0.7074 -0.5601 0.0123 3.7 (81,81,640) -0.8593 -0.8364 -0.7898 -0.7039 -0.5528 0.0040 3.1 (161,161,1280) -0.8591 -0.8361 -0.7891 -0.7026 -0.5503 0.0012 3.4 Benchmark (3.1) -0.8592 -0.8362 -0.7892 -0.7023 -0.5492 Table 2 : The values of F s (T, S, v 0 ) with different meshes.
(N 1 , N 2 , M ) S = 4 S = 4.5 S = 5 S = 5.5 S = 6 l 2 error ratio (21, 21, 160) 6.3860 5 Table 3 : The values of F b (T, S, v 0 ) with different meshes. as v varies with S = 5. As expected, the minimum risk exposure for the seller is increasing; while the one for the buyer is decreasing as v increases. The equal-risk price of a European call option with the current price S = 5 corresponds to the offer price v that makes ρ s (S, v; Z) = ρ b (S, v; Z), which is numerically solved according to formula (4.11). with those from the pricing formula except near the boundary S = S max . This error is the result of our approximate boundary condition at the truncated boundary. The first example demonstrates that our method for producing equal-risk prices by solving HJB equations numerically is consistent with the pricing formula, which provides motivates us to apply it to general contingent claims in the next subsection.
Example 2: Butterfly spread option
The second example derives the equal-risk price for a butterfly spread option, of which the payoff is defined by
(4.22) Figure 5 provides a diagram of the payoff. It is clear that the payoff is non-monotonic and non- smooth. Guo and Zhu (2017) did not provide an equal-risk pricing formula for these cases. Since the payoff is bounded, Assumption 1 always holds for any risk function. As a result, the optimal control problems (2.5) and (2.8) are both well-defined and have a finite infimum. We now apply our numerical scheme to solve the these HJB equations first and then derive its equal-risk price numerically.
For the boundary conditions, since the stock follows a geometric Brownian motion, the butterfly spread option becomes worthless at both S = 0 and S → ∞. The seller faces no liability and he has no motivation to hedge. Consequently, he would invests his initial wealth on the risk-free account and obtains the profits ve r(T −t) at time T . Consequently, the boundary conditions at S = 0 and S → ∞ are given by
(4.23)
On the other hand, at the boundaries S = 0 and S → ∞, the buyer pays v at time t for a worthless contingent claim and has no motivation to hedge. At expiry, the buyer only faces a deterministic liability ve r(T −t) and we impose the boundary conditions as
(4.24)
The boundary condition along the v direction are also implied by Lemma 1, i.e (4.25) which are approximated by (4.26) to ensure their consistency with the terminal condition. Now we are in the position to apply our numerical scheme to numerically solve the PDE system associated with the butterfly spread option. The parameters in the second example are listed in Table 4 Parameters K 1 K 2 T r σ S max v max v 0 values 4 6 0.5 0.05 0.3 10 3 1 For the butterfly spread option, we do not have an analytical solution. Hence we choose the results computed on the uniform mesh with 321 × 321 × 2560 nodes as a benchmark solution.
The numerical results of the value functions F s (T, S, v 0 ) and F b (T, S, v 0 ) calculated on different meshes are reported in Tables 5 and 6. (N x , N y , N T ) S = 4 S = 4.5 S = 5 S = 5.5 S = 6 l 2 error ratio (11,11,40) -0.5654 -0.4601 -0.3767 -0.4398 -0.4925 0.1183 (21,21,80) -0.5429 -0.4816 -0.4548 -0.4715 -0.5106 0. Table 5 : The values of F s (T, S, v 0 ) on different meshes (N x , N y , N T ) S = 4 S = 4.5 S = 5 S = 5.5 S = 6 l 2 error ratio (11,11,40) -0.5480 -0.4491 -0.3658 -0.4112 -0.4385 0.1368 (21,21,80) -0.5427 -0.4807 -0.4508 -0.4568 -0.4669 0.0324 4.2 (41,41,160) -0.5444 -0.4914 -0.4665 -0.4704 -0.4763 0.0071 4.5 (81,81,320) -0.5451 -0.4939 -0.4701 -0.4736 -0.4786 0.0013 5.6 (321, 321, 2560) -0.5452 -0.4946 -0.4710 -0.4742 -0.4786 Table 6 : The values of F b (T, S, v 0 ) on different meshes
The l 2 error reported in Tables 5 and 6 indicates that the numerical results have converged and they can be used to produce the equal-risk price for the butterfly spread option by solving (2.12). Given S = 5, we plot the minimum risk exposure for the seller and the buyer in Figure   6 . The equal-risk price for the butterfly spread option with the current price S = 5 should be the price such that the minimum risk exposures for the seller and the buyer are equal. It can be numerically solved by formula (4.11). Unlike the cases of European call (put) options where short selling decreases (increases) the option price for all the underlying stock prices, it is observed from Figure 7 (a) that the equal-risk price is higher than the Black-Scholes price when S > 5; while it is lower than the Black-Scholes price on the other side. Figure 7(b) shows that the relative difference between the equal-risk price and the Black-Scholes price is significant even though the absolute difference is small, which demonstrates that the short selling ban indeed affects the price of the butterfly spread option. In particular, the short selling ban lowers the option price in regions where the price is an increasing function of the underlying, and it raises the option prices in regions where the price is a decreasing function of the underlying.
Finally, we consider how the hedging strategy is affected by the short selling ban, using the seller as an example. The optimal hedging strategy for the seller is numerically calculated from the PDE system (4.1). For comparison, the optimal hedging strategy in the Black-Scholes model without the short selling ban is
(4.28)
The numerical results calculated from the PDE system and the formula (4.28) are plotted in negative values as the underlying stock price varies when short selling is allowed. After imposing the short selling ban, the negative part becomes zero and the positive part increases. The absolute difference between them is plotted in Figure 8 (b) when S < 5.
Conclusions
This paper establishes a unified PDE framework for the recently proposed equal-risk pricing approach in order to explore how a short selling ban would affect the valuation of general contingent claims. When the contingent claim is a European call or put option, the PDE system can be solved analytically, which leads to the same pricing formula provided by Guo and Zhu (2017) .
In addition, our PDE approach was able to adapt to options with non-monotonic payoffs, such as the butterfly spread option, which was not addressed in Guo and Zhu (2017) . Thus our PDE framework has significantly expanded the range of the application for the equal-risk pricing approach. According to the numerical results, the effects of the short selling ban are illustrated through comparisons between equal-risk prices and Black-Scholes prices. Generally, the short selling ban lowers the prices of European call options; while it has an opposite effect on the prices of European put options. As for the butterfly spread option, the short selling ban lowers the option price when the payoff is increasing with respect to the underlying stock price; while it raises the option price when the payoff is decreasing.
Acknowledgment
The research conducted and reported in this paper is part of an ARC(Australian Research Council)-funded three-year project, for which the authors gratefully acknowledge the financial support from the ARC under the ARC(DP) funding scheme (DP140102076). The first author is also indebted to the University of Wollongong for providing a full PhD scholarship, which allowed him to be involved in this ARC-funded project as part of his PhD training process.
The Monash Centre for Quantitative Finance and Investment Strategies has been supported by BNP Paribas.
2. Choosing any admissible strategy φ satisfying Assumption 1, we obtain Hence, we conclude that there exists at least one solution to H(v) = 0 on (−∞, ∞).
To demonstrate the uniqueness of the solution, we first assume that the equation H(v) = 0 has two different solutions v 1 > v 2 . According to the monotonicity described in Lemma 1, we Therefore, the solution must be unique.
Appendix C The proof of Corollaries 1-3
For Corollary 1, we consider the minimum risk exposure of the seller for a contingent claim −(K − S) + first. To calculate ρ s (S, v; −(K − S) + ), we need to solve the associate HJB equation
(C.1)
With the same technique in Proposition 1, the solution can be derived as Finally, the proof of Corollary 3 is similar to Theorem 1.
